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ABSTRACT: When p(t) is a polynomial of degree d, the k-th column of the Riordan array

(1_1#”1 tp(t)>

is an eventually periodic sequence whose repeating part begins at the (1+(k— 1)(d+ 1))—5‘5 term. The preperiodic
terms add up to the (k—1)(d+1)-st partial sum of the corresponding formal power series, and thus the Riordan
array of p(t) generates a sequence of column partial sums. We classify the linear and quadratic polynomials,
and present a particular family of polynomials of higher degree, for which these sequences of column partial
sums are eventually periodic.
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1 Introduction

Let
p(t) =ag+at+---+ aqt? € C[t]

be a polynomial of degree d > 0 with ag # 0. Taking coefficients of the formal power series

p(t)  ap+ait+ -+ aqt? Cliy
1 — ¢d+1 1 — ¢d+1 = [[ ]]’
we obtain an infinite periodic sequence with repeating block {ag,a1,...,aq}. It is easy to see that for every

k € Ng = NU {0}, the coeflicients of the formal power series

(tp(1))* W

1 — ¢+l

also form an eventually periodic sequence [6, Theorem 1]. We can put these sequences together into a lower-
triangular matrix whose k-th column, for k > 0, is the coefficient sequence of (1.1). This matrix is an example
of a Riordan array, which is defined by a pair of formal power series (f(t),¢(t)). In the example above,

F) = e glt)=0(0)

In general, a proper Riordan array over a field F' is defined by a pair of formal power series (f(t),g(t)),
where 4 4
F =S f e FlE)L o)=Y gt € FlIH).
i>0 i>0

To guarantee nonzero entries along the main diagonal and the lower-triangular form of the array, the order of
f(t) must be 0, so fo # 0, and the order of g(¢) must be 1, so go = 0 and g1 # 0.
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We are interested in certain properties of the Riordan arrays

(7090 = (1.0 (12)

where p(t) is a polynomial of degree d > 0 with complex coefficients and p(0) # 0. We call such an array the
Riordan array of p(t) and abbreviate it by RA,. For the general theory of Riordan arrays and the Riordan
group, we refer the reader to the original paper [8], where this terminology was introduced, the introductory
text [1], and the comprehensive monograph [9]. The latter is an excellent resource on recent developments and
the corresponding literature. For brief introductions to the topic, see the survey articles [3,4].

More specifically, we continue the study of the Riordan arrays (1.2) begun in [6], focusing on polynomials
p(t) that generate circulant matrices of finite period, or finite order when the matrix is nonsingular. We follow
standard terminology from discrete dynamical systems. Let f : X — X be a map describing the time evolution
of points of a set X. If x € X, consider the iterates

a, f(2), [(f(x)), ..,

and denote the n-th iterate of f at = by f™(x), with the convention that f° = I is the identity map. The
forward orbit of z under the iterates of f is

(’)}'(x) = {x, f(x), FA(x), ..., f"(x),...} = {f"(z) : n € No}.

A point x € X is called preperiodic with period p € N if its orbit becomes periodic with period p after finitely
many steps; that is, if there exists k € Ny such that

FrH(fM()) = F(fH(x))  forall j € No.

In this case, we also say that the orbit O}r(x) is eventually periodic. If £ = 0, then z is called periodic. Clearly,
a point z is preperiodic if and only if O}“(m) is finite.
For a polynomial
p(t) = ag + art + - - + aqt?,

write its coefficients as the row vector
v=(aq,a4—1,...,a9) € Cit,
and consider the shift operator 7" : C4+1 — C4+! defined by
T(ad,aq-1,.--,a1,a0) = (ag, ad, Gg—1, .., 01).
Following [5], form the (d + 1) x (d 4+ 1) matrix

Vp(t) = CiI‘C{I/},

called the circulant matrix associated with p(t). Its rows are the iterates T%v, i € {0,...,d}:
aq ag—1 -+ ai Qg
ap Qq cee as aq
Vo) =
Ad—2 Qd—3 “** Qg Ag—1
aq—1 Qd4—2 -+ Qg aq

If d = 0 and p(t) = ag, then V) = (ao).
We consider the discrete dynamical system f : X — X, where X = C%*!, the point is

z=(0,0,...,0,1)T € C¥*1,
and f is the linear map represented by V),;y. Thus,
FEHI(FR () = (R () for some > 1, k>0, and all j € Ny. (1.3)

To simplify terminology, we say that V), is periodic with period p if it satisfies (1.3), where p is the smallest
positive integer with this property.
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The orbit of (0,1)7 is
0 1 _1
t)-(5)- ()1
1)7\~2 2
and its eventual cycle has period 2.

According to [6, Theorem 2], each column of the Riordan array (1.2) is an eventually periodic sequence.
With the top row indexed by n = 0 and the leftmost column indexed by 0, the periodic cycle of the k-th
column, k£ > 1, begins at the (1 +(k—1)(d+ 1))—st term and equals the k-th iterate of V) at (0,...,0, nT;
see [6, Theorems 1 and 2]. For p(t) = + — 1t, the array is

272

1 0 0 0 0 0 O

o+ 0 0 0 0 0

1 -2 4 0 0 0 O

1 t—¢ 0 3 -3 5 0 0 0

(1—752’2>_ 1 —3 5 8 15 0 0 (14)

o L1 _1 i _1 1 0

P T L T GG TS

2 2 2 16 32 64

Polynomials that generate periodic V),;) produce doubly periodic Riordan arrays: in addition to eventual

periodicity in each column, there is horizontal repetition, as visible in (1.4). For some polynomials, the prepe-

riodic terms in each column add to numbers that also vary periodically. For the example p(t) = % — %t, adding

the first 2k — 1 terms, beginning with row 0, in the k-th column gives

01 11 11 1
347 474’ 4747 4"" M

The k-th column of RA, is the coefficient sequence of
S i (tp(t)"
i=0

The sum of all entries in the preperiodic part of the k-th column, including the entry in row 0, is the (k—1)(d+1)-

st partial sum
(k—1)(d+1)

Sk—1)(d+1) = Z Ci k- (1.6)
1=0

Definition 1. Given the Riordan array (1.2) of a degree-d polynomial p(t), the (k—1)(d+1)-st partial sum (1.6)
of the formal power series (1.5) is denoted by S[ and called the partial sum of the k-th column, or simply the
column partial sum.

Here are two further examples from [6]. If

—1 4 2t + 2¢2
p(t) = — s

then the sequence { S }r>1 has period 6; see [6, Proposition 5] or Proposition 18 below. Its repeating block is

0 1 2 2 1 0
) 37 37 37 3’ .

If )
2—-t+2t
)= ——,
p(t) 3
then the sequence of partial sums is not eventually periodic; its first terms are
1.5 7
S =40,0,-,1,-,2,2,2,-,3,... 7.
{[k]}kZl {a537737a57377 }
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The main objective of this paper is to find polynomials p(¢) € CJt] for which the sequence

{ S b1 (1.7)

is eventually periodic in the Riordan array (1.2). Linear polynomials with this property are classified in Theo-
rem 11. A particular family of higher-degree polynomials is presented in Proposition 18. The following theorem
classifies the quadratic case; its proof is divided among Propositions 13-15 in Section 3.

Theorem 2. Let p(t) = a + bt + ct*> € C[t] with ac # 0. Let &€ = e*™/3 and let the eigenvalues of Vo) be
M =a+b+c, Ao = al? + b€ + ¢, A3 = af + b€ + c.
Then the following statements hold.

e If \y # 0, then V) has a finite period p and the column partial sums are eventually periodic if and only if
p(t) = a(l — 2t — 2t?), (3a)* =1, 6| p.
o If A\ = Ay =0, then V) has a finite period p and the column partial sums are eventually periodic, with

kg k>9

Sty = (3a8) o > 2,

if and only if
p(t) =a(l—t)(1=¢&t),  (3ad)" =1.

o If \y = A3 =0, then Vy) has a finite period p and the column partial sums are eventually periodic, with

1—
S[k] = (3a£2)kTga k=2,

if and only if
p(t) = a(l —t)(&% — &), (3a€2)F = 1.

e If \y =0 and M2 A3 # 0, then V) has a finite period p and the column partial sums are eventually periodic
if and only if
p(t) = a(l =t)(1 + (r + 1)),
where a and T satisfy
(€= Da(r—¢2)" =1,
(€ -1Da(l—&r)" =1.

In this case, r € R is a root of a polynomial of degree p with rational coefficients.

It is noteworthy that 1 is a root of every polynomial in the last three cases, where A\; = 0. In the first case,
the roots of p(t) are the irrational numbers (—1 + v/3)/2, independently of a # 0.

The paper is organized as follows. Section 2 contains technical lemmas, including a representation of the
column partial sums as coefficients of formal power series. Section 3 contains the main results for linear and
quadratic polynomials: Theorem 11 and Propositions 13-15. Section 4 proves eventual periodicity for the
column partial sums of

p(t) =a((d—1) —2t —2¢> — ... — 2t%),

when d > 2 and a(d + 1) is a root of unity. Section 5 illustrates several eventually periodic column-partial-sum
sequences by graphs in the complex plane.
Throughout the paper, if p(t) has degree d, then

5 _ e27r1'/(d—i—1)

denotes a primitive (d 4+ 1)-st root of unity, unless otherwise specified.
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2 Riordan array of column partial sums and auxiliary
lemmas

For a nonzero constant polynomial p(t) = a, the sequence of partial sums (1.7) consists entirely of zeros. This
holds for every a € C\ {0}, since

1
RAa = (H,ta> =

Henceforth, assume that p(t) has degree d > 1, and denote the Riordan array (1.2) of p(t) by (f,g). If all partial
sums in every column of RA, are recorded, the resulting matrix is another Riordan array, namely

(1 1757’5) <1 1td+1,tp(ﬁ)> = <(1 t)(lltdﬂ),tp(t)) : (2.1)

Indeed, the n-th partial sum of the m-th column is obtained by multiplying that column by the infinite row
vector with 1 in its first n + 1 positions and 0 thereafter; compare [2, Proposition 3] and [9, Theorem 2.7].

Consequently, the sequence (1.7) consists of particular entries of the Riordan array (2.1). Since the k-th
column partial sum contains the first (k — 1)(d + 1) + 1 entries, we have

— = =
SIS
], 8,00
R, oo o
cocooco

(k—1)(d+1)
Sik] = Sk—1)(d+1) = Ci k-
=0
If the entries of (2.1) are denoted by hy, i, then
{Smtr=1 = {ho1, har1,2, haasi),3 - - - Pagds1) o415 - -}
Thus,
_ tp(t))*
Sty = he—1y(as1y = [tFETDETD] (tp(1)) k> 1. (2.2)

Q- —ty =

In particular, S = 0 for every p(t) with p(0) # 0.
It is well known that rational generating functions correspond to linear-recurrence sequences and conversely;
see [7, Section 2.3]. We first record a characterization of eventually periodic sequences.

Lemma 3. The generating function of a sequence {s;}i>o0 can be written as

S st = A0 (23)
=0

for some polynomial Q(t) € C[t] if and only if {s;}i>0 is eventually periodic with a period dividing n.

Proof. Suppose the periodicity starts at s; and the repeating block is

{Sk, Skl 5k+n—1}~
Set
go(t) = so + s1t + -+ + sp_1t" ", q(t) = sk + sppat+ -+ Sppnat"
Then
S o)1 —t") +q)t*
> sit = aolt) +a(Ott + ()" + g 4 = TR
i=0
Conversely, assume (2.3), and write
Q) = qo + qit + - + qit”.
Then
— i Q) - k
it = = t4 - o). 2.4
iz:;s 1_n ;}(%4—611 + o+ grt”) (2.4)
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If k£ < n, then the sequence is periodic with repeating block

{q07Q17"'aq]€707"'70}'
~——
n—k—1

If & > n, write k = pn + r, where 0 < r < n, and decompose

p—1
Q) =D Qi)™ + R(t)tr™,
i=0
where
Ql(t) = ¢in t+ ¢int1t +--- + (J(H_l)n_ltn_l
and

R(t) = Gpn T Gpn+1t +--- + q,m+,'t’”.
Equation (2.4) becomes

D sit' = Qo(t) + (Qo(t) + Qu(t))t" + -
=0

+(Qo(t) + -+ Qpr (D)t®H"

+(Qol) + -+ Qs (1) + RE))

1—¢n’

Thus the sequence is eventually periodic. If
(t) = Qo(t) + -+ + Qp-1(t) + R(t) = po +prt + -+ purt" ™,

then the repeating block is the cyclic permutation

{pT’+1, <y Pn—1,P0,--- ,pr}'
[

The numerator and denominator in (2.3) need not be relatively prime. For example, if £ = ¢2™/3, then the
periodic sequence with repeating block {1,,£2} has generating function

1+ &+ 2a-pE-1 & 1

13 A-tE-nE-1n &—-t 1-¢&

Definition 4. Let
p(t) = ag + a1t + - - - + aqt? € C[t]

have degree d > 0 and ag # 0, and let V},;) be its associated circulant matrix. For each k € Ny, define

ag
‘ ; e | M

2
pr(t) =D arat' == (Lt .tV |
=0 .
aq

Until Section 4, we take & = ¢2™%/3,

Lemma 5. For every k € Ny,

Proof. The case k = 0 is immediate because po(t) = p(t). Suppose the identity holds for k. Then

ag

w1 | @

P (1) = (L1, Vst |
aq

ECA 6:4 (2026) Article #S2R32 6
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a0
ag.1
= ((171a 71)‘/11(0) .
ak,d
d
= (Z ai) (a0 +agy + -+ ak.a)
0

1=
d

(S (B -3

Lemma 6. Suppose z,w € C\ {0}, |w| =1, and
|z —w| = |z — &w|.

Then z lies on the line through the origin that bisects the angle 2w /3 between the vectors represented by w and

Ew.
Proof. Represent z,w, and w by points A, By, and By in the complex plane, and denote the origin by O. Let
o; = LAOB;, ie€{1,2}.

The hypotheses and the law of cosines imply cosa; = cos as. Choosing the angles in [0, 7] gives a; = ag, so
OA lies on the required angle bisector. O

Lemma 7. For every k > 2,

(1243 (1- f?_kt—i(i;— t)? — 2(—v/3)* 3 sin ((k_64)7r> . (2.5)

Proof. Using the binomial theorem and the power-series expansion of (1 +¢)2/(1 + t + t2), write

_2\k-2 2 2
(23] (1 i j_t 4_(1; ) _ [20e=1)] <(1 _ 2k 1t(_|1_ j_i)t2> '

Since the binomial expansion contains only even powers, only the even-power terms in

t(1+t)? (1 —1)
L+t+12 1—t3
=t+ 21 —t) A+ +t5+--)
=t4+? -2+ 7 08— M P

contribute. Hence the left-hand side of (2.5) is
k—2 A
tz(k 1) Z < _ >t2z(t2t6+t8t12+t14t18+,,,). (2.6)
=0

Replacing 2 by = and using convolution, this becomes

n

k—2
Z(_Dn (kf - 2) [J]k_l_nK.%‘ et ST 0 ). (2.7)

n=0

The coefficients of the series in (2.7) have repeating block {1,0, —1}. If = ¢>™%/6_ then

{Im ,Im(n ),Im(ns)} = {?,0,—?}.

Thus
x(1+x)
142+ 22

4

2
:$—$3+1‘ —$6—|—Z‘7—x9+.. ZiIm 271—1)1‘71.
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The expression in (2.7) is therefore

n=0
27] - k2> k—2— ( Ui k2)
=Im| — 1" "l =Im(|[—=(&-1 . 2.8
<3<n (-1 21 29)
Since )
5_ 1= —\/3677”/67
we have
77(5 o 1)k72 _ (7\/5)10726(471@7”‘/6'
Taking the imaginary part in (2.8) gives (2.5). O

Lemma 8. For every k > 2 and i € {0,1,2,3},

[#2%] I-tr2@-—gt) k=2

1— th (6 - 1)£k+i_1a (29)

and
(1021 — g2y

[t2k—i] — gt

= 3F2(1 — g)eh 1, (2.10)

Proof. We prove (2.9) by induction on k and leave the analogous verification of (2.10) to the reader. Since

1—t = (1—t)(1 - &) (1 - &%),
Lemma 3 shows that

1—¢&t (1—¢)(1—&b)?

1—€2t 1—13
B (St AL (Sl Ot
B 1—1¢3
=14+ (€ -9t+ (-1 + (1 - "), (2.11)
j=0

This is the generating function of an eventually periodic sequence with repeating block
{€-ce-11-¢

The case k = 2 follows directly from (2.11).
Assume (2.9) holds for some k > 2 and all ¢ € {0,1,2,3}. Since
(L=1)(1—&t) = 14 ¢+ ¢,
we have
N e ) M O ) (€ et O
1— &2t N 1—¢&2t
Ifi > 2, let j =i—2 € {0,1}. By the induction hypothesis,

(14 &2t + &t?).

(1 =21 — et

P €1 =3 g, (2.12)
i) L= ”klg_(;t D7 g = g2 1y, (2.13)

Together with the contribution of the constant term, these identities give

(1 =)k = &)k
e L0 é% 0 _ gra

(€ =DM+ +67)
— 3k71(£ _ 1)£k}+l

Thus (2.9) holds for ¢ € {2,3} at k + 1.
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Fori=1,
[t2k+1] (1 - t)k_l(l - gt)k _ [t2k+1] (1 - t)k_2(1 - gt)k_l
1— &2t 1—&2t
+3F72(e — 1) e + 32 (6 — 1)k (2.14)

The rational function 2 k1 k—1 k
L-tF 21—t _ (1-p'1-¢ (2.15)
1—¢% 1—¢

generates an eventually periodic sequence of period 3, whose repeating part begins at the coefficient of t2#=3.
Therefore,

asy (1=t 20—t — (297 (1=t 21 —¢&)k! — gh=2(g _ 1)ekH1,
1-—¢&2%t 1-—&2%¢
Substitution into (2.14) gives
3k—2(£ _ 1)§k+1 + 3k—2(§ _ 1)§k+1 + 3k:—2(€ _ 1)§k5+1 _ 3k—1(§ _ 1)§k+1.
The case i = 0 follows in the same way from the induction hypothesis and the period-3 behavior of (2.15). O
Identity (2.9) does not generally hold for ¢ > 3. For example, when k£ = 3 and i = 4,

[tQ] (1 — t)(l — gt)

e =3¢6—2£3(¢—1).

Lemma 9. For each fized m € N,
(l‘f - 1)m - (5 - x)m = mem(x)v (2.16)
where zy, € C\ {0} and fn,(z) € Q[x].

Proof. The binomial theorem gives

(w1 = (e m =3 (7) (@€ (- = (-ayien )

Because 1+ ¢ + &2 =0,
(D" =" =0 = 2 ()" + M) =0 <= 6|m.

Thus

2= (D)™™ +€™)},00=1{0.1,3,4,3,1,0,1,3,4,3,1,0,...}.
If61m, set z=(—1)" — ™. Then

E= (-1 =g 22 =2 (-1)"(E" +€7) € Lo
For each 1,
(€ e
(€ +&) = (~1m(Emi 4 ém)
2 (D En+ &)

g1 — gt =

=z = Zqm,i, (2.17)

where ¢, ; € Q. If 6 | m, then
fl(_l)m - €m7i = 51 - 51 =V -3 46,i, 46,i € {_17 Oa 1}

Consequently,
m m
(a1 = (60" = Y0 (7 )
i=0
where
_ (_l)m_gm, 6+ma _ - PR m )
2 = {\/—37 6| m. fm(z) = ;( ) ;) ami € Qlx],
and gm ; = ¢6,; when 6 | m. O
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3 Linear and quadratic polynomials

3.1 Linear polynomials

According to [6, Theorem 4], if p(t) = a + bt, then
ve (@) Z (b a\" (a) _ 1 (1 =1\ ((a+b)r+!
P \b)  \a b b) 2\1 1 (b—a)rtt)>
where a + b and b — a are the eigenvalues of V). If V,,4) has period p, equation (1.3) implies
1 /1 =1\ ((a+b)rT\ [(a (a+b)" ™\ (a+b
2 (1 1 ) ((bawl =) = \p-apt) = \b-a) (3.1)

Assuming ab # 0, there are three cases.

Case 1. If a = b, then
1 ..
(2a)* =1, a:b:5627”5/“7 se{l,...,pu}

Case 2. If a = —b, then
(20 =1, —a=b= %em's/“, se{l,...,u}.
Case 3. If neither eigenvalue is zero, then
(a+bd)=0b-—a) =1

and

(a b) B 627”'5/;1, _ e27ri€/p, GQWiS/M + eQ‘n’iZ/u
) - 2 ) 2 )
where s, € {1,...,u} and s # L.

Formula (2.2), with d =1, gives

S[k] = hoge—1),k = k>1. (3.2)

Proposition 10. For k > 2,

Proof. Since
1 N2 2ie1y N J |
(1_t)(1_t2)7;z(t +t )*Z L+ |,

the standard convolution property of coefficient extraction gives

<
Il
o

. _ (a—l—bt)k o = n —2—n 1
S[k] = [tk 2]m = ;[t ](a+bt)k[tk ? ]m
= k n _k-—n k—n
= Z (n)b a® { 5 J .

n=0

O

To determine when these partial sums are eventually periodic, we use Lemma 3 together with the diagonal-
ization rule [9, Section 2.4]:
F(w)

G([t"F(t)p)™) = Tt/ (w) , (3.3)

w=tp(w)

where G denotes the generating-function operator.

Theorem 11. Let p(t) = a + bt € C[t] with ab # 0. Then V) has period j and the column partial sums
{Sp te>1 are eventually periodic if and only if

1 .
—a=b= 5627”8/H, se{l,...,u}.

ECA 6:4 (2026) Article #S2R32 10
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Proof. Suppose V)4 has period p. To apply (3.3) to (3.2), set

(a + bt)?
t) = bt F(t) = ———"—-
90() a+ot, () (l_t)(l_tg)

Then w = ta/(1 — tb), and a direct calculation gives the generating function for { Sy }r>2:

Flw) a?
1—th (14 (a—0)t)(1— (a+b)t)2’

(3.4)

The numerator is constant. By Lemma 3, the sequence cannot be eventually periodic if the denominator in (3.4)
has a repeated noncancelling root. Therefore a + b = 0, and we are in Case 2.
Conversely, suppose

1 ..
—a=b= 5627”5/”.

Then
-1 1 n+1 n
Vo) = a ( 1 _1) c Vol = (220)" V),
Since (—2a)* = 1, the matrix has period . Moreover, (3.4) reduces to
2

a _
1+ 2at

a*(1+ (=2a)t + (—2a)*t* + (—2a)*t> + - -+),
50 {S[k }r>1 is eventually periodic. Explicitly,

Sy =a*(—2a)" 2, k>2. (3.5)

Corollary 12. For every k > 2,

Proof. Take a =1 and b = —1 in Proposition 10 and (3.5), and note that

V{;nJ:O when n € {k —1,k}.

3.2 Quadratic polynomials

Let
p(t) = a + bt + ct®.
Then
c b a A0 0
Vp(t) = a c b , F Vp(t)F = D = 0 )\2 0 y
b a c 0 0 X3
where
1 1 1 1 1 1 1 1
F = 7= 1 € 52 ) F_l = = 1 §2 f )
\/g 1 52 £ \/g 1 g 52
and

M =a+b+e, Ao = a€? + b€ + ¢, A3 = af +be2 +c.
If Vp(s) has period p, then Vp‘é:}l = V1), and hence

FD,u—‘rlF—l — VN-'F]. -V

p(t) — P

) = FDF~1.

Thus
(a+b+c)Pt =a+b+e,

(a€? + b€ + o)+ = al? + b€ +c, (3.6)
(a€ 4+ bE% + o)+l = al + b2 + c.
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For a quadratic polynomial whose matrix has period u, consider

3(k—1)
Ssie-1y = Y, Cix,
=0

the 3(k — 1)-st partial sum of

0o k
i (t(a+ bt + ct?))
;CI,kt - 1 _ t3

By [6, Theorems 1 and 2], the periodic part of the k-th column begins with the (1 +3(k— 1))—st term and equals

ak—1,0 . a
—1

ak—1,1 = Vp(t) b

Ak—1,2 c

Using the polynomial
Pr—1(t) = ap—1,0 + ag—11t + ak—1,2t2
from Definition 4, the infinite periodic tail of the column has generating function
t1+3(k—1)pk_1(t)
113

Consequently,

(tp(t))k B t1+3(k71)pk,1(t)
1—1¢3 1—13

Assume that the partial sums are eventually periodic with period h € N. For k € {1,...,h} and n > 0,

Suuy =i | (37)

S3(k—1) = S3(k4nh—1)-

Taking n = g in (3.7) gives

(tp(t))* - 751-‘:—3(1@—1)‘1%71(t) . (tp(t))k+hn B t1+3(k+h”_1)pk+hﬂf1(t) (3.8)
t—1 1—1¢3 1t t=>1] 1—1¢3 1t ‘ '
Because Pk+hu—1 = Pk—1,
t1+3(k’1)pk,1(t) t1+3(k+hu71)pk+h ,1(t) - hpu—1
1—3 - 1—¢3 . = DN T g (8). (3.9)
§=0
Since pr_1(1) = (a + b+ ¢)¥ by Lemma 5, equation (3.8) is equivalent to
1 — (tp(t))hr
(a+b+c)* lim L= (PO (a+b+c)hu=0. (3.10)
t—1 1—1¢3
We first assume that A\; =a + b+ ¢ # 0. Then A} = 1, and 'Hopital’s rule gives
L= (tp(t))"  hu(a+2b+ 3c)
t>1 1—-t3  3(a+b+c)
Equation (3.10) therefore implies
a+2b+ 3c=3a+ 3b+ 3¢, SO b= —2a.
Substitution into (3.6) gives
(C - CL)# =4
(a€? — 2a€ + c)* ! = ag? — 2a€ + ¢, (3.11)

(a€ —2a€? + )P = af — 2a€? +c.

Neither of the latter two eigenvalues can be zero. For example, if a&? —2a€ + ¢ = 0, then (¢ —a)* = (3a&)* = 1,
while the third equation would force (1 —&)* = 1, impossible because |1 — ¢| = v/3. Thus (3.11) is equivalent to

(C - a)# = 17
(c—a—3a)" =1, (3.12)
(c—a—3a&?)* = 1.
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The three quantities in (3.12) have equal modulus. Applying Lemma 6 to (¢ — a)§ and 3a shows that ¢ = ra
for some r € R. The equality |1 — 3¢/(r — 1)| = 1 has the unique solution » = —2. Hence

p(t) = a(l — 2t — 2t%).
System (3.12) becomes
(=3a)" =1,  (=3a(1+8)" =1, (=3a(1+¢*))" =1. (3.13)

It follows that (3a)* = 1 and 6 | u. Conversely, these conditions make the matrix periodic, and the argument
leading to (3.10) shows that the partial sums have the same period.

Proposition 13. Let p(t) = a+ bt + ct? satisfy acp(1) # 0. Then Vi(e) has finite period p and the partial sums
{S3(k—1)}r>1 are eventually periodic if and only if

p(t) = a(l — 2t — 2t?), 6| u, (3a)* = 1.
Now suppose that Ay =a+b+c=0. If also Ay =0, then b = a¢? and ¢ = a, so
p(t) =a(l+ &+ &%) =alt —1)(Et -1),  (3af)" = 1.

For k > 2, Lemma 8 gives

s @t =DE D)) (PR el
S = 7] (02 +t+e2) ° L 1— ¢ = (3a8)"=5¢ (3149
Similarly, if Ay = A3 = 0, then
p(t) = a(& +t+ &) = a(t —1)(Et - &%),  (3ac?)" =1,
and
2\ k 1- 6
S[k] = (3a&?) 5 k> 2. (3.15)

Proposition 14. Let p(t) = a + bt + ct? satisfy ac # 0, a + b+ ¢ = 0, and suppose exactly one eigenvalue of

Vi(t) 18 nonzero. Then Vi) has finite period p and the partial sums are eventually periodic if and only if either

p(t) = a(l + 24+ 662), (Bag)h =1, Spy = (Bat)* L

9¢ ’
or ¢
p(t) = a(@+t+&t?), (Bal®) =1, Sy = (3a§2)kT,
where k > 2.
It remains to consider A\; = 0 and AxA3 # 0. Since ¢ = —a — b, the last two equations of (3.6) become
—Da(r—&))" =1
(€~ Da0r =) =1, b 516
(€= Da(1 - &))" =1, a
whenever a # 0. Dividing the equations shows that
b—&%a\" b/a— &2 \"
o (b=Sey (e (3.17)
a—&2b 1-¢&2b/a
and therefore . ;
- g2 = g‘, (3.18)
a a

If b =0, then p(t) = a(1 — %), 6 | p, and (a(§ — 1))“ = 1. Formula (2.2), followed by Lemma 7, yields

S = %ﬁ(—a\/g)ksin ((k_64)77> . k>1. (3.19)

Since |av/3| = 1, this sequence is periodic.
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There is also a generating-function proof. The calculation in Lemma 7 gives

a?(1 +2z)(a — ax)k~2

Sy = [2F72 3.20
K = [z"7] T (3.20)
Writing this in the diagonal form
G ("2 (e)p(2)2) (3:21)
with 2 )
a“(l+z ax
= — F = — =
pz) = a—az, (z) 1+x+ 22’ [
gives
G- Fw)  a®(1+ 2ax)
C1—a¢/(w) 1+ 3ax + 3a2x?’
Because
14274525 = 1 — (iav/32)® = (1 — 3az + 6a22% — 9a32® + 9a*2*) (1 + 3az + 3a2x?),
we obtain
G— a®(1 + 2az)(1 — 3az 4 6a®2? — 9a*a2® + 9a’a?) Q(x) (3.22)
1 — (iav/3z)8 1 — (iav/3z)8 .
for some Q(x) € C[z]. Lemma 3 again proves eventual periodicity.
Suppose now that b # 0. By (3.18) and Lemma 6, » = b/a is a nonzero real number. Thus
pit) =a(l+rt— (1 +7r)t?) =a(l —t)(1+ (r+ 1)),
and the period conditions are
—Da(r—&))" =1
(16~ atr—€)" =1 23
(€ =1Da(l—&*r))" =1.
These imply
(6r — 1) = (€ — )",
By Lemma 9, r is a root of a polynomial f,(z) € Q[z] of degree p.
To prove the periodicity of the partial sums, note that Lemma 5 gives p,,(1) = 0, so
pm(t) = (1 - t)ﬂm(t)
for some 3,,(t) € C[t]. Formula (3.7) then simplifies to
th(1 Dt)pr—1(t) — 2BV B, (¢ (1
Ft+t s 3

Since V),(;) has period y, px—1 = px—14nu and hence By = Br_14n, for every n > 0. Therefore the partial
sums are periodic.

Proposition 15. Let p(t) = a + bt + ct? satisfy ac # 0, a+ b+ c = 0, and suppose the other two eigenvalues
of Vy(t) are nonzero. Then Vyy has finite period pn and the partial sums are eventually periodic if and only if

pit)=a(l+rt— (1 +7r)t*) =a(l —t)(1+ (r+ 1)), (3.25)
where a and r satisfy (3.23). In this case r € R is a root of a degree-p polynomial f,,(t) with rational coefficients.

The polynomials from Lemma 9 can be written as

Ny () E ) — (D 4 )
fu(t)_;(_t) <z> PR

and

fult) = i(t)i(‘;) 5\/_% 6.

=0

The first few examples are shown below.
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fu(t) roots r
1—t {1}
1—¢2 {-1,1}

143t — 3¢ — ¢ {-2,-1 1}
144t — 482 —t* {—2—-+/3,-1,-2++3,1}
1+ 10t + 10#* — 10t3 — 10t* — > {-8.74,—1.46,—0.68, —0.11, 1}
—6t — 15t% 4 15t* + 6t° {-2,-1,-1,0,1}

UL W N T

Multiplying through by the least common multiple of the denominators gives the following integer-coefficient
array. It is not a Riordan array, because every sixth row has a zero on the main diagonal.

1 -1

1 0 -1

2 3 =3 -2

1 4 0 —4 -1

1 10 10 =10 -10 -1

0 6 15 0 -15 -6 0

1 -7 —-42 =35 35 42 7 -1

1 0 —-28 56 0 56 28 0 -1
2

9 —-36 —-168 —-126 126 168 36 -9 -2

4 Polynomials of degree d > 2

We now generalize the polynomial a(1 — 2t — 2¢?). Fix d > 2 and consider

p(t) =a ((d —1)— zd: 2#) . ((d+1)a)" =1 for some k € N. (4.1)
i=1
Theorem 16. Ifa = 1/(d+1), then Vyy is nonsingular and has order d+1 when d is odd, and order 2(d+1)
when d is even.
Proof. For a circulant matrix generated by v = (v, ..., v4), the eigenvalues are
Ne=wvo+Ev 4+,  Le{l,...,d+1},
where here £ = 2™/ (441 In our case

1

=——(-2,-2,...,~2,d - 1).
v d+1( ) ) ) ) )

For 1 < ¢ < d, the identity 1+ &° + --- + &4 = 0 gives

9 d—1
Y, 0 ld
A= L ety =1
e s L
Thus
A = 62m(d+17£)/(d+1), 1<e<d, Ad+1 = —1.

If d+1 is even, every eigenvalue has order dividing d+ 1; if d+1 is odd, the eigenvalue —1 requires the exponent
2(d+1). O

Corollary 17. If (d + 1)a has order k, then Vy,;) has order
lem(k,d+ 1) when d is odd, lem(k,2(d+ 1)) when d is even.

Proposition 18. Let d > 2, and let k be the least positive integer such that ((d + 1)a)* = 1. Then the column
partial sums of the polynomial (4.1) are eventually periodic with period

lem(k,d+ 1) ifd is odd, lem(k,2(d+ 1)) ifd is even.
Proof. The analogue of (3.7) is

] (tp(t))k t1+(k71)(d+1)pk_1(t)
Sk-1)(a+1) = lIm | 207 — il

(4.2)
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Set

(tp(t))k B t1+(k71)(d+1)pk,1(t)

Av =g ko 1— ¢d+1 ’

and let p be the period stated in the proposition. It is enough to prove

lim (Ay — By) = lim(Aksnp = Briny) =0 (h € No). (4.3)
Since pr+hu—1 = Prk—1,
hp—1
Bk-‘rhu — By = _t1+(k:71)(d+1)pk_1(t) Z t](d+1)'
=0

Lemma 5 gives
k

pr—1( (Zm) = d+1)) = (—1)*,

and hence
lim By — Bi) = (~1) . (4.4)

On the other hand, 'Hépital’s rule, p(1)# =1, and p/(1) = —ad(d + 1) give

: _ 1 ()" h 1))
lim (A — Apsnp) = (—1)ktlgq o = (*Ukm(ﬂl) +7'(1) = (=1)*hp.

This cancels (4.4), proving (4.3). O

Example 19. Let d =3 and k = 5. The choices

satisfy ((d + 1)a)¥ = 1, and
p(t) = a(2 — 2t — 2t* — 2t3).

For a = 1/4, the partial sums have period 4 and repeating block

0 L1 0
) 27 2 ) N
For a = e5™/5 /4, the period is 20. With ¢ = €2>™*/10 one repeating block is

¢ ¢ ¢ ¢ 1 ¢ ¢t1 ¢ ¢
{0—2—002200——00—2200220}

5 Graphs of column partial sums

An eventually periodic sequence takes only finitely many values. For a complex-valued sequence, connect
two points in the complex plane whenever they represent consecutive terms. In this way every eventually
periodic sequence {Sj;)}x>1 produces a finite planar graph. The following graphs were produced with Wolfram
Mathematica.

5.1 Polynomials p(t) = a(l — )

By Theorem 11, eventual periodicity occurs when
1 .
a:—ée%”/‘ﬂ sed{l,...,u},

and
S[k] = a2(—2a)k_2, k> 2.

Except for Spj = 0, all vertices lie on a circle. Conjugate choices of a produce graphs reflected across the real
axis, so Figure 1 shows one representative from each conjugate pair for yu = 14.
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02 02
0.1 01
-03 -0.2 -0.1 01 02 03 -03 -02 -0.1 01 02 03 -03\02 -0.1 - .
-01 -01 b
-0.2 -02 -0. 2
-03 -03 = -
03 03 03
1
0.1 “ill l
01 02/ 03 -03 - 1 0 2 03 -03 2 -0.1 01 03 -03 -g2\-0.1 010 03
-4 -0.1 -0.1 '
o w
-0.: -03 -03 -03

Figure 1: p(t) = a(1 —t), where —2a = e?7/14,

5.2 Polynomials a(1 — 2t — 2t?)

Here 6 | 1 and (3a)* = 1. For 1 = 12, representatives of the conjugate pairs are

11 3 67Ti/6 e'fri/B 627”/3 657Ti/6
A€ =533 ) ) ) .
{ 3333 ' 3 3 ° 3 }

For example, a = i/3 gives a sequence of period 12 with repeating block

Figure 2: p(t) = a(1 — 2t — 2t?), where (3a)'? = 1.

1 20 29 1 20 2 %
{0757_37_57570707_§7§7g’_gvo}‘

5.3 The two singular quadratic families

For the polynomials
a(l14 &% +&t*) and  a(& +t+&t?),

the partial sums are respectively

Sk = (3af)k%7 Sk = (3a§2)kT€-

Again, the nonzero vertices lie on a circle. Figure 3 shows the second family for u = 7. For a = £/3, the first

four terms are
0 i 3—iV3 —3—iV/3
"3v37 18 7 18 '
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A0 A

-0.1 0.1 0.2 —0.250.1 0?2 0.2
-01 =0

Figure 3: p(t) = a(£2 + t + &t2), where (3a¢?)7 = 1.

5.4 Polynomials a(1+ 7t — (1 +r)t?), with r € R

For r = 0, formula (3.19) places the points on equally spaced rays from the origin, with their distances controlled
by sin((k — 4)mw/6). We therefore focus on r # 0. Conjugate values of a again give reflected graphs. Since the
formula for f,, changes when 6 | x, Figures 4 and 5 illustrate p = 14 and p = 12.

For pn = 14, f14 has fourteen real roots; its largest is approximately 11.0563, so the factor 1 + (r + 1)t is
approximately 1 + 12.0563t. For u = 12, the eleven roots are

04 04

0.2 02

-04 -02 02 04 -04 -0.2 02 04 -0.

Figure 4: p(t) = a(1 —¢)(1 4 12.0563t), with u = 14.

1 —-1—-+3 -1 3
{_27_1a_§70a1a_2_\/§77\/_a1_\/§7_2+\/§a+\/_71+\/§}'

The largest is 1 +v/3 &~ 2.732, s0 1 + (r + 1)t ~ 1 + 3.732t.

5.5 Polynomials a(2 — 2t — 2t> — 2t3)

Take one representative from each conjugate pair of solutions of (4a)® = 1. The three essentially different
graphs appear in Figure 6. The first two correspond to @ = 1/4 and a = ebmi/5 /4, and have periods 4 and 20,
respectively, as in Example 19.

Acknowledgment: The author is grateful to the editors and an anonymous referee for a careful reading of
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0.45

0.25

0.05

-055 -035 -0.15 025 045
-0.15

-0.35

Figure 6: p(t) = a(2 — 2t — 2t? — 2t3), where (4a)® = 1.
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