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ABSTRACT: We study the relationship between leaves in ordered trees and first returns of lattice paths. We
introduce uniform-updegree requirement (UUR) trees and their associated generating functions, and give com-
binatorial explanations of the relations among these functions. We use generating functions to prove that, for
every n > 1, the total first return length of the corresponding f.ukasiewicz paths of length n equals the total
number of leaves in UUR trees with n edges. As a special case, we compute the first return statistic for weighted
Motzkin paths. We then consider a more general Motzkin model in which horizontal steps on the z-axis have
weight hg, horizontal steps above the axis have weight h, and down steps have weight d. We transform weighted
Schréder paths into weighted Motzkin paths and apply the resulting formulas to Schroder-type numbers. Fi-
nally, we compute the associated Hankel determinants and use the formula to solve Problem A6 of the 2024
William Lowell Putnam Mathematical Competition.
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1. Introduction

In this paper, we study the relationship among three objects: leaves in ordered trees, first returns of lattice
paths, and the hitting time subgroup of the Riordan group [4]. We begin with an infinite sequence

ag, a1, a2, . -
of nonnegative integers and its generating function
A(z) =ag + a1z +agz® +--- .

We draw each rooted ordered tree with its root at the bottom. The updegree of a vertex is its number of children,
equivalently, the number of edges directed away from the root. Thus, a; is the number of available colors for a
vertex of updegree k. In the most common uncolored setting, ay = 1 means that updegree k is allowed, whereas
ar = 0 means that it is forbidden.

Contributions and organization. Section 2 develops the UUR generating functions and the associated
Riordan arrays arising from the weight sequence A(z). Section 3 proves the main equidistribution: for each
n > 1, the total number of leaves among UUR trees with n edges equals the total first return length among the
corresponding Y.ukasiewicz paths of length n. Section 4 treats a nonhomogeneous Motzkin model with distinct
weights for horizontal steps on and above the x-axis. Section 5 transfers weighted Schroder models to this
setting by contracting their continued fractions. Section 6 records the resulting Hankel determinant evaluation,
a classical formula discussed, for example, by Aigner [1] and Kim and Stanton [10], and applies it to give a
Motzkin/Hankel proof of Putnam 2024 A6. Throughout, we cite standard results and include proofs when they
clarify the combinatorial viewpoint.
Here are three basic examples.

A. The best-known and most studied example is the class of ordered trees, where ay = 1 for every k. The
number of such trees with n edges is the nth Catalan number

. — 1 (2n>
n+1l\n

See Stanley [12] for many combinatorial interpretations of the Catalan numbers.
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B. If aqg = a1 = a3 =1 and a, = 0 for k > 3, we obtain Motzkin trees, in which every vertex has updegree 0,
1, or 2.

C. Incomplete binary trees, which arise naturally in data structures, are defined by ag = as = 1 and a; = 2,
because a unary vertex may have either a left child or a right child.

We illustrate several of the ideas using the second example. Here
A(z) =1+ 2+ 22
Let f satisfy
f=2A(f) =21+ f+ %),

and define m by f = zm. Then m is the Motzkin number generating function:

|-z yi—2:-32
m=1+zm+2*m?=—= = Y 142244810
z
The total number of leaves among Motzkin trees is counted by

1
V1—2z—3z22

E(z) = =1+2+322 4725 +1924 +-- .

@

Y

Figure 1: The seven leaves among the Motzkin trees with three edges.

A Motzkin path is a lattice path from (0,0) to (n,0) using up steps U = (1, 1), horizontal steps H = (1,0),
and down steps D = (1,—1), never passing below the z-axis. The hitting time statistic has a simple queueing
interpretation: in each unit of time, exactly one of three events occurs. An event U means that one customer
enters a store, an event D means that one customer leaves, and an event H means that no customer enters or
leaves. The hitting time is the first positive time at which the store is empty. In a continuous-time birth—death
analogue, exponential waiting times lead to formulas involving Bessel functions; see Feller [6] and Grimmett
and Stirzaker [8].

Definition 1. The hitting time, or first return time, of a nonempty lattice path is the number of steps from
the origin through its first return to the z-axis.

9(2) = Z gn2"

n>0

Let

be the generating function for all paths of length n that start and end on the z-axis and remain weakly above
it. Let
F(z) = Z fn2"
n>1

be the generating function for first return blocks: nonempty paths whose first return to the axis occurs at their
final step. The usual first return decomposition gives

1
g=1+Fg, F=9""
9

The series zF”(z) weights each first return block by its length. We therefore define

G(2) = 2F"(2)g(2),
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w2

Figure 2: The seven edges involved in the first returns of the four Motzkin paths with three edges.

so that [z"]G(%) is the total first return time summed over all paths of length n. Differentiating F = (g — 1)/g
gives

G(2) = 2F/(2)g(z) = 223

For ordinary Motzkin paths, g = m and
F =2+ 22%m.

Consequently,
G=zF'm=z+322 472341921 +512°+ ... .

Thus, for every positive length, the total first return time agrees with the total number of leaves in the corre-
sponding Motzkin trees; the leaf series has the additional constant term 1 from the one-vertex tree. Figures 1
and 2 illustrate the equality

1+4242+2=3+2+1+1.

For n = 4, the corresponding equality is

1+24+24+24+24+34+24+24+3=19=4+4+3+2+2+1+1+1+1.

2. UUR trees

A uniform updegree requirement tree, or UUR tree [9], is a rooted ordered tree in which every vertex uses the
same set of allowed updegrees, with the same color multiplicities ay.
For a fixed UUR class, let
T(z) = Z t, 2",

n>0

where t,, is the number of trees with n edges. Each edge contributes a factor of z. Let V(z) count the same
trees with a marked vertex, and let L(z) count them with a marked leaf. Let Li(z) count trees with a leaf
marked at height one and, in general, let Ly (z) count trees with a leaf marked at height k.

2.1 Riordan arrays and notation

A Riordan array is a lower-triangular matrix R = (ry,_x)n k>0 determined by a pair of formal power series (g, f)
with ¢(0) # 0, f(0) =0, and f/(0) # 0, via

B

rak = [2"]19(2) f(2)".
The Fundamental Theorem of Riordan Arrays states that R acts on a series B(z) by
(9:f)B(2) = 9(2) B(f(2)).

In particular, the k-th column of (g, f) has generating function g(z)f(z)*. The Bell subgroup consists of arrays
of the form (g, zg); in our setting, the basic Bell array is (T, 2T)).
We also use the following standard subgroup.
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Definition 2. The hitting time subgroup of the Riordan group consists of pairs of the form

(F 7).

Table 1 lists several familiar UUR classes and their A-sequences.

Type of tree A-sequence A(z)
Ordered trees 1,1,1,1,1,1,1,... 1 !
—z
Motzkin trees 1,1,1,0,0,0,0,... 14 2+ 22
Incomplete binary 1,2,1,0,0,0,0,... 1422+ 2°
trees
Complete binary trees 1,0,1,0,0,0,0,... 1+ 22
Even trees 1,0,1,0,1,0,1,... !
1—22
Incomplete ternary 1,3,3,1,0,0,0,... 14324322 +2°
trees
Complete ternary trees 1,0,0,1,0,0,0,... 1423
Schréder trees 1,2,2,2,2,2,2,... 1 e
—z
1 2
Spoiled-child trees 1,2,1,1,1,1,1,... %
—z
Hex trees 1,3,1,0,0,0,0,... 1432+ 22
1— 2
Gamma trees 1,0,1,1,1,1,1,... lzi—i—z
—z
Simple trees (paths) 1,1,0,0,0,0,0,... 142

Table 1: UUR trees and their A-sequences.

2.2 Fundamental identities for UUR trees

Theorem 1 (Functional equation for T'). For any UUR tree class,
T = A(=T).

Proof. A UUR tree consists of a root with & ordered subtrees, for some allowed k. Each root-to-subtree edge
contributes z, and each subtree contributes T'(z). Thus, a root of updegree k contributes ay(27)*. Summing
over k > 0 gives

T(z) =Y ar(z1(2))" = A(2T(2)).

k>0

O

Theorem 2 (Vertex generating function). For any UUR tree class,

V = (T)'.
Proof. A tree with n edges has n + 1 vertices. Hence,
V(iz)=) (n+1)t,2" = 4 tp2" T = (2T).
dz
n>0 n>0

O

Theorem 3 (Vertex—leaf relation). For any UUR tree class,
V=TL.

Proof. Given a tree with a marked vertex v, cut the tree at v. The part below v, including v, becomes a UUR,
tree with a marked leaf, counted by L, while the subtree rooted at v is an arbitrary UUR tree, counted by T
This decomposition is bijective. O

Theorem 4 (Leaves at height k). For every k > 0,

Ly = L.

ECA 6:4 (2026) Article #S2R29 4
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Proof. For k = 0, the only tree with a leaf marked at height zero is the one-vertex tree, so Lo = 1. For k > 1,
follow the unique path from the root to the marked leaf and cut immediately above each of its first k—1 vertices.
This decomposes the tree uniquely into an ordered sequence of k¥ UUR trees, each with a leaf marked at height
one. Therefore, Ly = L}. O

Theorem 5 (Total leaf generating function). For any UUR tree class,

1

L= .
1-1,

Proof. Summing over the height of the marked leaf and using Theorem 4 gives

L= ZLk—ZLk 1_L1

k>0 k>0

Theorem 6 (Leaves at height one). For any UUR tree class,

2T’
v

Ly =zA'(2T) =

Proof. If the root has updegree k, there are k choices for the edge leading to the marked leaf, and the remaining
k — 1 edges lead to arbitrary UUR subtrees. Hence,

z) = ZZ kap(2T(2))*1 = 24 (2T(2)).
k>0
For the second expression, Theorems 2 and 3 give

V=0T =T+:T =TL.

Thus, 27" = T(L — 1) and
T T(L—1) L-1
v ~TL L
where the final equality follows from L = 1/(1 — Lq). O

= Ll»

Theorem 7 (Total leaf height). For any UUR tree class, the generating function for the total height of all
leaves is
L(L-1).

Proof. The required generating function is
L
pIUII g p—
k>0 k>0 (1= L)
Since L =1/(1 — L;), we have L; =1 — 1/L, and therefore

Ly  1-1/L
(1-L)? (/L

=L(L-1).
Equivalently, the Riordan array (1, L) sends the sequence with generating function z/(1 — 2)? to the total leaf
height generating function. O
Corollary 1 (Statistics for ordered trees). For ordered trees, where A(z) =1/(1 — z), and for every n > 1:

1. the average number of leaves is (n + 1)/2, so half of the vertices are leaves;

2. the total leaf height over all ordered trees with n edges is 4"~ 1;

3. the average number of leaves at height one, equivalently hills in the corresponding Dyck paths, is 1;

4. the average root degree is 3n/(n + 2).
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Proof. Here T' = C, the Catalan generating function, and

1 |4
V=(0) = ——, L=—.
(2C) 1—4z2 C

For n > 1,

which proves the first assertion. Moreover,

z
1—4z2’

L(L-1)=

which proves the second. Since L; = 2A4'(2C) = 2C? = C — 1, the coefficient of 2" in L is C,, proving
the third. Finally, marking an edge incident with the root gives the generating function 2CA’(2C) = 203,
coefficient extraction yields an average root degree of 3n/(n + 2). O

3. First returns

Definition 3. A FLukasiewicz path is a lattice path in N? that starts at the origin, ends on the z-axis, never

passes below it, and uses steps
{(1,-k) : k > —1}.

The step (1, —k) has weight aj41.

The standard tree-path correspondence sends UUR trees with n edges to weighted paths of length n of the
type defined above. Their common generating function is T. More generally, let g be the generating function
for a class of such excursions, and let F' count the nonempty excursions that end at their first return to the
z-axis. Then . )

g=1+Fg, F=9— F-2
g g
Define G to be the generating function for the total first return time over all excursions. Since zF’ marks the
length of a first return block and the remaining suffix is arbitrary,

/
G:zF’g:ﬁ.
g

In the UUR setting, g =T, so

!/
A

G:

Therefore, for every n > 1, the total first return time among the corresponding Fukasiewicz paths of length
n equals the total number of leaves among UUR trees with n edges. The constant term differs because the
one-vertex tree has one leaf, while the empty path has no positive first return. The pair

(7-7)
f )
is precisely the general form of an element of the hitting time subgroup.

3.1 Generalized Motzkin paths

We now consider (h, d)-Motzkin paths, in which every horizontal step has weight h, every down step has weight
d, and every up step has weight 1. Let J be their generating function. The first-step decomposition gives

1—hz—+/A(z)

=1 2)2 =
J + hzd +dz*J 5022 ,

where
A(2) := (1 — h2)? —4dz* =1 — 2hz + (h? — 4d)2°.

The corresponding UUR trees have

A(z) =1+ hz + d2?, A'(z) = h + 2dz.
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Thus,
Ly = zA'(2J) = hz +2d2°J =1 — /A(z),
and 1 1
L= = .
1-1, A(z)
Equivalently,

J=L(1—dz*J?).

3.2 Example: ordinary Motzkin paths

For h =d =1, we have J = m and

p=ml g™ g
m m m
Moreover,
1 2 3 4
G=L-1=————1=2+4+32"4+72"4+192"+--- .
V1—2z—322

4. Motzkinable sequences

Definition 4. A sequence is Motzkinable if its generating function counts weighted Motzkin paths with param-
eters (ho, h,d), where up steps have weight 1, horizontal steps on the z-axis have weight hg, horizontal steps
above the z-axis have weight i, and down steps have weight d.

Let J = Jj, 4 be the homogeneous elevated excursion generating function from Section 3.1. The generating
function M = My, p.q for the nonhomogeneous model satisfies

M =1+ hozM +dz*JM,

SO
1 2

T 1 hor—d2?] 1+ (h—2ho)z + \/A(2)

Its first return block series and total first return time series are, respectively,

_ 2 _ /
Fho,h,d = hoz + dz*J, Gho,h,d = ZFho,h,dM'

M

When hg = h, the model is homogeneous, M = J, and the identity G = L — 1 from Section 3 applies.
Several classical sequences are Motzkinable:

e Motzkin: (hg,h,d) = (1,1,1);

e Dyck (aerated Catalan): (0,0,1);
e Catalan: (1,2,1);

e Fine: (0,2,1);

e small Schroder: (1, 3,2);

e large Schréder: (2,3,2).

5. The small Schréder numbers in many guises

5.1 Classical definitions and generating functions

The large Schréder numbers r,, count paths from (0,0) to (2n,0) using up steps U = (1,1), horizontal steps
H = (2,0), and down steps D = (1, —1), never passing below the z-axis. Their generating function satisfies

1—2—+vV1—-62z+22
2z '

The small Schroder numbers s,, forbid horizontal steps on the x-axis. Their generating function is

r+1 14+2—+v1—6z+ 22
=14 z2rs= .
2 4z

These numbers occur in many combinatorial settings, including:

r=1+4zr+2r? =

ECA 6:4 (2026) Article #S2R29 7



Drew Dickenson

e dissections of a convex (n + 2)-gon by nonintersecting diagonals, including the trivial dissection;

e ways to insert parentheses in a string of n 4+ 1 symbols when operations of arbitrary arity at least two are
allowed;

e increasing tableaux of shape (n,n), that is, fillings whose rows and columns are strictly increasing and
whose entries form an initial segment of the positive integers.

5.2 From Schréder paths to Motzkin paths

Consider weighted Schroder paths in which up steps have weight 1, horizontal steps on the x-axis have weight
Hy, horizontal steps above the axis have weight H, and down steps have weight D. Their generating function
has the Stieltjes continued fraction

S= Dz

1—HQZ—
Dz
1-Hz—

1—Hz—"".

Contracting adjacent levels of this continued fraction gives the Jacobi continued fraction

1
§= (H + D)Dz?
1—(H0+D)Z— 3
(H+ D)Dz
1-(H+2D)z—
1—(H+2D)z—"".

This is the generating function of a Motzkin model with parameters
ho = Ho+ D, h=H+2D, d=(H+ D)D.

Combinatorially, the contraction groups the two successive height changes in a Schréder excursion into a single
Motzkin transition; the three possible local outcomes become a level step on the axis, a level step above it, or
an up—down pair. Related transformations appear in [2,3,5,15].

Theorem 8 (Motzkin representation of small Schréder numbers). The small Schrider numbers form a Motzk-

inable sequence with parameters
(h07 h7 d) = (1’ 37 2)

Thus, up steps have weight 1, horizontal steps on the x-axis have weight 1, horizontal steps above the axis have
weight 3, and down steps have weight 2.

Proof. For small Schréder paths, (Ho, H, D) = (0,1,1). The contraction above gives
(ho hod) = (0+1,14+2,(14+1)-1) = (1,3,2).
Equivalently, if J counts elevated Motzkin excursions, then

1-3z—+v1—6z+ 22

J=1+32J+222J% =
+3zJ + 22 12 ,

while the boundary generating function s satisfies
s=1+zs+22%Js.

Substitution yields
14+2—+v1—62z+ 22
s = .
4z

ECA 6:4 (2026) Article #52R29 8
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1
1 4 7
1 1 3 11 45

Figure 3: The 45 small Schréder paths of length 4, represented as Motzkin paths with weights (1,3,2). The
numbers indicate cumulative path counts.

5.3 UUR tree interpretation

The small Schroder numbers also admit a UUR tree interpretation. For the Bell array (s, zs), the A-sequence is
1,1,2,4,8,16,...,

with generating function

1—2z
Alz) = 1—2z2

Theorem 9 (UUR trees for small Schroder numbers). The small Schrider numbers count UUR trees in which
the leftmost edge from every nonleaf vertex is black and every other edge from that vertex may be red or black.

Proof. The tree equation s = A(zs) becomes

1—=2 _l—zs
T 1—2zs

Rearranging gives
s=14+2s2s—1) =1+ zrs,

because r = 2s — 1. This is the defining relation for the small Schréder numbers. O

AV TV

Figure 4: The eleven trees with three edges, corresponding to s3 =1+2+4+2+2 =11.

5.4 Hankel determinants
For a sequence (my,)n>0, define its Hankel determinants by
H,, = det(miyj)o<ij<n—1-

The following classical evaluation follows from the Lindstrom—Gessel-Viennot method; see also Aigner [1] and
Kim and Stanton [10].

Theorem 10 (Hankel determinants for Motzkinable sequences). Let (my)n>0 be a Motzkinable sequence with
parameters (hg, h,d). Then

H, =dG).

ECA 6:4 (2026) Article #52R29 9
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Proof. Consider the standard weighted Motzkin-path network in which up steps have weight 1 and down steps
have weight d. Let the starting points be A; = (—4,0) and the ending points be B; = (4,0) for 0 <4,5 <n—1.
The total weight of paths from A; to B; is m, ;.

By the Lindstrom—Gessel-Viennot lemma [7], the determinant is the signed weight sum of nonintersecting
path families. The only such family matches A; with B;. To avoid the inner paths, the path from A; to B;
must consist of i nested up steps followed by i nested down steps. Its weight is d*. Therefore, the unique family
has total weight

n—1
H di = o1+t (n=1) d(3)7
i=0

which proves the result. O

AS AQ Al AO = BO Bl BZ BS

Figure 5: The unique nonintersecting path family in the Hankel determinant evaluation.

For the small Schréder numbers, d = 2, so
5

det(5:4)o<i j<n1 = 203).

6. Application: Putnam 2024 A6

We now apply the Motzkinable-sequence framework to Problem A6 of the 2024 William Lowell Putnam Math-
ematical Competition [14].

6.1 Problem statement

Let cg, c1,ca, ... be defined by
1— 3z —+1— 14z + 922
1 = E Ckl'k

k>0

for sufficiently small x. For a positive integer n, let

A= (Citj—1)1<ij<n

Find det A.

6.2 Solution via Motzkinable sequences

Theorem 11 (Putnam A6 solution). The determinant of A = (Ciyj—1)1<i j<n I8
det A = 10(2).

Proof. The constant term is ¢g = 0. Define

1 g 1—=3x—/(1-32)2 -8z
g(x) = - chx = i .
k>0

Then
22g° — (1 —3x)g+1=0,

or, equivalently,
g=1+3zg+ 224>

ECA 6:4 (2026) Article #S2R29 10
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Thus, ¢ is the generating function for weighted Schroder paths with
(Ho, H,D) = (3,3,2).
By the contraction in Section 5.2, the same sequence is Motzkinable with
(ho,h,d) = (Hy+ D,H + 2D, (H + D)D) = (5,7,10).
If my, = [2¥]g(z), then my = cx11, and hence

A= (Citj—1)1<ij<n = (Mitj—2)1<ij<n-

Theorem 10 therefore gives
det(civj—1)1<ij<n = 10(3).

1 5 35 295 2765

Figure 6: Motzkin paths with parameters (5,7,10) through length 4. The bottom row begins with
C1,C2,C3,C4,C5 = 175,35,295,2765

6.3 Remark

This solution illustrates the usefulness of the Motzkinable-sequence framework: once a sequence is represented
by parameters (hg, h,d), its Hankel determinants are immediately given by d),

7. Summary

We have developed a unified framework relating UUR trees, first return statistics of F.ukasiewicz-type and
Motzkin-type paths, and Riordan arrays arising from a general weight sequence A(z). For every n > 1, the total
number of leaves among UUR trees with n edges equals the total first return length among the corresponding
paths of length n. We also treated Motzkin paths with distinct horizontal weights on and above the axis,
explained the continued-fraction contraction that transfers weighted Schréder paths to this model, and obtained
the classical Hankel determinant formula
H, =d5).
This interpretation yields a transparent Motzkin/Hankel solution of Putnam 2024 A6.

Acknowledgments: The author thanks Louis Shapiro for his helpful advice and the referees for their careful
reading and helpful comments.
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